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D(H) as an abelian extension:
T <% D(H) 5 u(m)

u(m) is of tame representation type.

Indecomposable representations of u(m).
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In what follows, k is an algebraically closed field of characteristic 2.

Restricted Jordan plane

It is the algebra Z of dimension 2* presented by generators x1, x
with defining relations

2 2 2
x; =0, Xy X1 = X1X5 + X1X2X1, (1)

4
x; =0, X1 X2 X1 X2 = XoX{X2X]. (2)
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In what follows, k is an algebraically closed field of characteristic 2.

Restricted Jordan plane
It is the algebra Z of dimension 2* presented by generators x1, x
with defining relations

X12 =0, X22X1 = X1X22 + X1 X0X1, (1)
x§ =0, X1 X2 X1 X2 = XoX{X2X]. (2)
Bosonization
Let I = (g) be the cyclic group of order 2, written multiplicatively.
The bosonization H := %#kI is a pointed Hopf algebra of

dimension 2° generated by x;, x», g with satisfies the previous
relations and

g = xg, g0 = X8 + X8, g’ =1 (3)

The coproduct of H is given by
Alg)=g®e, Ax)=x®1+g@x, i€l
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Drinfeld double of H
The Drinfeld double of H is D(H) = H ® H*°P as coalgebra. As

algebra, D(H) is generated by xi, x2, g, wi, wo, v with relations

(1),(2), (3) and
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Drinfeld double of H

The Drinfeld double of H is D(H) = H ® H*°P as coalgebra. As
algebra, D(H) is generated by xi, x2, g, wi, wo, v with relations

(1),(2), (3) and

w? =0,
4
W2:,
2 _
7_77

WiXx) = Xiwi,
wig = gwi,
wog = g(w1 + wa),

wWaXo = XoW + g7,

W22W1 = W1W22+W1W2W17
Wi Wa W1 Wo = Wa Wi Wa W,
wiy = ywi + wj,

wixo = xowy + 1+ g,

waxy = x1(wi + w2) + 1+ g,
YXi = Xi7y + Xi,
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Drinfeld double of H
The Drinfeld double of H is D(H) = H ® H*°P as coalgebra. As
algebra, D(H) is generated by xi, x2, g, wi, wo, v with relations

(1),(2), (3) and

W12:O, W22W1:W1W22+W1W2W17
W§:O, W1 Wo Wi Wo = Wo W1 Wo Wy,
7= Wiy = ywi + wi,

WiX] = Xqwi, wixg =xowy +1+g,

wig = gwi, waxy = x1(wi + w2) + 1+ g,

wog = g(wi +wa), X = Xy + X,

wWaXo = XoW + g7,

We have dim D(H) = 219,
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Fix the following elements in D(H):

Xp1 = X1X2 + XoX, Wo1 = WiWo + Wowy.
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Fix the following elements in D(H):

Xp1 = X1X2 + XoX, Wo1 = WiWo + Wowy.

Central Hopf subalgebra

The subalgebra T of D(H) generated by xi, x21, wi, wpy and g is a
normal local commutative Hopf subalgebra with defining relations

2 2 2 2
X| = 0, Xo1 = O, Wy = 07 Wy = 07 g = 1.

Also dim T = 2°.
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Fix the following elements in D(H):

Xp1 = X1X2 + XoX, Wo1 = WiWo + Wowy.

Central Hopf subalgebra

The subalgebra T of D(H) generated by xi, x21, wi, wpy and g is a
normal local commutative Hopf subalgebra with defining relations

X12 =0, x221 =0, W12 =0, W221 =0, g2 =1.
Also dim T = 2°.
Hence

T <% D(H) 5 D(H)/D(H)T*

is an exact sequence of Hopf algebras.
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We fix the following elements of D(H)/D(H)T™:

a =Xy, b= wy, c=7.



The Drinfeld double D(H)
000e0

We fix the following elements of D(H)/D(H)T™:
a =Xy, b= wy, c=7.

Hopf algebra quotient

The algebra D(H)/D(H)TT is generated by a, b, c and satisfies the
relations

ab+ ba = c, ac+ca=a, bc + cb = b,

a*=bp*=0, ?+c=0.
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We fix the following elements of D(H)/D(H)T™:
a =Xy, b= wy, c=7.

Hopf algebra quotient
The algebra D(H)/D(H)TT is generated by a, b, c and satisfies the

relations
ab+ ba = c, ac+ca=a, bc + cb = b,
A =b'=0, c?+c=0.

The Hopf algebra D(H)/D(H)T™ is a well-known algebra in
modular Lie theory.
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Denote by s the unique, up to isomorphism, simple Lie algebra of
dimension 3, that is, s has a basis {e, f, h} and bracket

[e, f] = h, [e, h] = e, [f,h] =f.
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Denote by s the unique, up to isomorphism, simple Lie algebra of
dimension 3, that is, s has a basis {e, f, h} and bracket

[e, f] = h, [e, h] = e, [f,h] =f.

The Lie algebra s is not restricted. The minimal 2-envelope of s is
a 5-dimensional Lie algebra m.

The algebra u(m)

The restricted enveloping algebra u(m) of m is isomorphic to
D(H)/D(H)T* via

e a, f— b, h— c.
and we have an exact sequence of Hopf algebras

T <% D(H) 5 u(m)

For this reason we are interested in the representations of u(m).
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Let Vo, respectively V4, denote the one-dimensional u(m)-module,
respectively the three dimensional u(m)-module s with the adjoint
representation ad.
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Let Vo, respectively V4, denote the one-dimensional u(m)-module,
respectively the three dimensional u(m)-module s with the adjoint
representation ad.

Thus Vi in the basis {v1,v2, v3} := {b, c, a} of s is given by
ada= A, ad b =B, adc = C, where

000 010 100
A=|[10 0], B=[0 0 1], c=[0 0 0
010 000 00 1

Theorem.
The simple modules of u(m) are Vy and ;.
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Consider the following 8-dimensional u(m)-module M

va
TN TN / TN TN
Vi v2 v3 w2 w3 1z
wy

where the arrows oriented from left to right indicate the action of a
while the arrows from right to left are the action of b.
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Consider the following 8-dimensional u(m)-module M

va
TN TN / TN TN
Vi v2 v3 w2 w3 1z
wy

where the arrows oriented from left to right indicate the action of a
while the arrows from right to left are the action of b.

Theorem.

The projective cover of the simple module Vg is P(Vg)

P(Vo) ~ u(m)eg, where g = (1 + ab + a*b?)(1 + ¢)
primitive idempotent of u(m).

M.
is a
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Consider the following 8-dimensional u(m)-module N

) /\v /\V
" ~_ - " ~__ - "
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Consider the following 8-dimensional u(m)-module N

/_\/\
/ X:A
Wl\_/wszs

The projective cover of the simple module V4 is P(V4) = N.

Theorem.

P(V1) ~ u(m)e;, where e = (1 + a’b?)c is a primitive
idempotent of u(m).
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Let e = ey + e; where ey and e; are the primitive idempotents in
u(m) generating the projective covers P(Vp) and P(Vi). Then the
basic algebra associated to u(m) is

u(m)® = eu(m)e.
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Let e = ey + e; where ey and e; are the primitive idempotents in
u(m) generating the projective covers P(Vp) and P(Vi). Then the
basic algebra associated to u(m) is

u(m)® = eu(m)e.

The basic algebra u(m)® has a basis

{eo, €1, aey, a%er, b3ey, bey, a*b3ey, abe; }.

The ordinary quiver of u(m)®, denoted by Q := Qy(my>, is
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Theorem.
We have that u(m)® ~ kQ//, where

I = (11, 22, Broa, faaz, a1 B2 + azB, Braa + faaa)
is the kernel of the algebra epimorphism ¢ : kQ — u(m)® defined by
p(on) = aer, p(az) = ber, @(B1) =aey, @(B2) = be,

and ¢(e;) = €.
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Theorem.
We have that u(m)® ~ kQ//, where

I = {1 B1, 22, Brou, Poca, 01 o + b1, fraz + focur)

is the kernel of the algebra epimorphism ¢ : kQ — u(m)® defined by

p(ar) = a%er, p(az) = ber, (B1) = aer, ¢(B2) = b ey,
and ¢(e;) = €.

Corollary

b

u(m)® is a special biserial algebra. Particularly, u(m)® is tame

representation type.
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Theorem.
We have that u(m)® ~ kQ//, where

I = {1 B1, 22, Brou, Poca, 01 o + b1, fraz + focur)

is the kernel of the algebra epimorphism ¢ : kQ — u(m)® defined by

p(ar) = a%er, p(az) = ber, (B1) = aer, ¢(B2) = b ey,
and ¢(e;) = €.

Corollary

b

u(m)® is a special biserial algebra. Particularly, u(m)® is tame

representation type.

Corollary

Since u(m) is Morita equivalent to u(m)® it follows that u(m) is
tame representation type.
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The classification of all indecomposable modules of a special
biserial algebra was given in [4, Proposition 2.3].

They are either string modules or band modules.

Determining strings and bands in kQ// is a combinatorial
problem.

In our case, for instance, consider words in the vocabulary
+1 o4l | -
{o57, 67 i =1,2}.

The words a = alal_laz and b = a1 3> are not string. In fact, a is
not a string because alafl is a “piece" of a and b is not a string
because a1 3> is a monomial of the binomial relation a8 + an 1.



Indecomposable modules of u(m)
0000000

The classification of all indecomposable modules of a special
biserial algebra was given in [4, Proposition 2.3].

They are either string modules or band modules.
Determining strings and bands in kQ// is a combinatorial

problem.

In our case, for instance, consider words in the vocabulary
+1 o4l | -
{o57, 67 i =1,2}.

The words a = alal_laz and b = a1 3> are not string. In fact, a is
not a string because alafl is a “piece" of a and b is not a string
because a1 3> is a monomial of the binomial relation a8 + an 1.

The words s = alaglal and t = ﬂl_lﬂg are examples of strings.
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String

Consider the words s; = alaz_l, S = al_lag, S35 = Blﬂgl and
sy = B7 B2 and r an integer. The families of string in Q are the
following:

wi(r) = s, wo(r) = 3, r>1,
ws(r) = s3, wy(r) = sz, r>1,
ws(r) = sjaq, we(r) = (s; 7) ag, r>0
wr(r) = s3f1, we(r) = (s31) P2, r>0

)
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String

Consider the words s; = alaz_l, Sp = al_lag, S35 = 6162_1 and
sS4 = ,Bflﬁg and r an integer. The families of string in Q are the
following:

wi(r) = s, wo(r) = 3, r>1,
ws(r) = s3, wy(r) = sz, r>1,
ws(r) = sjaq, we(r) = (51_1)’042, r>0
wr(r) = s3p1, we(r) = (s31) P2, r>0.

Similarly, we have the notion of band. For our case, there are 2
families of band in Q.
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In order to illustrate how to associate an indecomposable module to
a string, we consider the string wy(1) =51 = a1a2_1:

1- .02
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In order to illustrate how to associate an indecomposable module to
a string, we consider the string wy(1) =51 = a1a2_1:

1--02<"
The right kQ//-module U(wi(1)) := k{u1, uo, uz} (a vector for
each vertex) is given by:

u-er=u, u-e2=0, wv-or=uw, u-ax=0,
u-e1=0, w-e=uw, uw-a=0  w-a=0

ug-€p=u3, uz-e2=0, w3-a1=0, uz-00=u,
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The algebra isomorphism u(m)® ~ kQ// and an anti-isomorphism
of Hopf algebras u(m)® — u(m)® induce on U(wq(1)) a left
u(m)®-module structure via
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The algebra isomorphism u(m)® ~ kQ// and an anti-isomorphism
of Hopf algebras u(m)® — u(m)® induce on U(wq(1)) a left
u(m)®-module structure via

el - =u, e-up=0, ae -u=u, be-eu =0,
e =0, e-p=up ae-u=0, b u=0,

€1 - u3 = us, GQ-U3:0, ael-U3:O, b361~U3:U2.
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The algebra isomorphism u(m)® ~ kQ// and an anti-isomorphism
of Hopf algebras u(m)® — u(m)® induce on U(wq(1)) a left
u(m)®-module structure via

el - =u, e-up=0, ae -u=u, be-eu =0,
e =0, e-p=up ae-u=0, b u=0,

€1 - u3 = us, GQ-U3:0, ael-U3:O, b361~U3:U2.

The other elements of the basis of u(m)® act trivially.
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The functors

Inde : :u(m)bM —)u(m)/\/l, Inde(N) = u(m)e Oy(m)e N,
Rese : =ym)M = ympM, Rese(M) = eM

are inverse equivalences of categories.
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The functors

Inde : :u(m)bM —)u(m)/\/l, Inde(N) = u(m)e Oy(m)e N,

Res, : :u(m)./\/l —>u(m)bM, Rese(M) =eM
are inverse equivalences of categories.
Thus Inde (U(wi(1))) is the following 5-dimensional left
u(m)-module

P Y /_\‘\2
U e©Quw ae®u aAeu e Qus,
N~ ~N~—0or0wu N~} —

where the arrows oriented from left to right indicate the action of a
while the arrows from right to left are the action of b.
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Category of finite-dimensional indecomposable left
u(m)-modules

The non-isomorphic finite-dimensional indecomposable left
u(m)-modules are:

~ the 8 families of string modules,
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The non-isomorphic finite-dimensional indecomposable left
u(m)-modules are:

~ the 8 families of string modules,

~ the 2 families of band modules,
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Category of finite-dimensional indecomposable left
u(m)-modules

The non-isomorphic finite-dimensional indecomposable left
u(m)-modules are:

the 8 families of string modules,
the 2 families of band modules,

the 2 simple modules and its respective projective covers.
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Category of finite-dimensional indecomposable left
u(m)-modules

The non-isomorphic finite-dimensional indecomposable left
u(m)-modules are:

the 8 families of string modules,
the 2 families of band modules,

the 2 simple modules and its respective projective covers.

Next step

Determine the fusion rules. Precisely, for all finite-dimensional
indecomposable left u(m)-modules U and V/, calculate the
decomposition of U ®j V in direct sum of indecomposable modules.
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Thank you!
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