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The concept of a Galois extension of commutative rings was introduced in the
same paper by Auslander and Goldman in,

M. Auslander and O. Goldman, The Brauer group of a commutative ring, Trans.
Am. Math. Soc. 97 (1960), 367-409.
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S The concept of a Galois extension of commutative rings was introduced in the
commutative same paper by Auslander and Goldman in,

M. Auslander and O. Goldman, The Brauer group of a commutative ring, Trans.
Am. Math. Soc. 97 (1960), 367-409.

in which they laid the foundations for separable extensions of commutative rings
and defined the Brauer group of a commutative ring.
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Later, in

CHR

S. U. Chase, D. K. Harrison and A. Rosenberg, Galois theory and Galois
cohomology of commutative rings, Mem. Amer. Math. Soc. 52 (1965), 15-33.

was developed this theory

Recall
Let R be a commutative ring and G a finite group acting (globally) on R let

R¢ ={reR|g(r)=rVg e G}

We say that RS C R is a Galois extension, if there are Xi,yi € R,1 < < nsuch
that
Z xig(yi) = 01¢, 8 € G.

1<i<n
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A Galois correspondence (fundamental theorem).
{ Separable G-strong RC-algebras}> T ~ Ht € { subgroups of G}

where:

T is G-strong if for any g, h € G, the restrictions of g, h to T are equal if and
only if g(t)e = h(t)e, t,e € T and e idempotent.

Hr={he G|h(t)=t,te T}

A seven terms exact sequence.

6/39



The seven terms-exact sequence reads as follows.

0 — HY(G,U(R))—Pic(R®)—Pic(R)®—H?(G,U(R))~B(R/R®)—
HY(G, Pic(R))—H3(G,U(R)).
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The seven terms-exact sequence reads as follows.

0 — HY(G,U(R))—Pic(R®)—Pic(R)®—H?(G,U(R))~B(R/R®)—
HY(G, Pic(R))—H3(G,U(R)).

Hence
Hilbert’s 90thTheorem. If Pic(R®) = {0}, then H*(G,U(R)) = {0}.

Crossed Product Theorem. If Pic(R) = {0}, there is a group isomorphism
H2(G,U(R)) ~ B(R/R®).
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Let G be a group with identity e and X be a set, a partial action of G on X is a
pair a = (g, Xg)gec such that for g, h € G :

Xg C X, ag: ng — Xg is a bijection;

Xe = X and ae = idx, and agy, is an extension of ag o arp.

When X, = X for any g € G, we recover the notion of (global) action of G
on X.
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(F. Abadie (2003)) Let M be a manifold. The flow of a differentiable vector field
v: M — TM is a map determines a partial action of R on M.
More precisely. For x € M let

Partial actions

Vx 1 (ax, bx) = M

be the corresponding integral curve through x. Setting
e M_;={xe M]|te (ax, bx)};
° ar: M_t 5 x> v (t) € M.

Then oo = {a¢ : M_y — M, }¢er is a partial action.

11/39



The notion of partial action of a group appeared in the context of C*-algebras in

R. Exel, Circle actions on C*-algebras, partial automorphisms and generalized
Pimsner-Voiculescu exact sequences, J. Funct. Anal. 122 (1994), (3), 361 -
401.

K. McClanaham, K-theory for partial crossed products by discrete groups,
J. Funct. Anal., 130 (1995), 77-117.

and has been adapted in several contexts. For instance:
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® If X is a topological space, then X, C X are open and a, homeomorphisms;

® Si X is a ring / semigroup, then X, are ideals and the maps o are ring
/semigroup isomorphisms;

® Si X is a C*-algebra then X, are closed ideals and the maps a, are
*-isomorphisms.
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We shall work with unital partial actions on unital rings. That is partial actions

a={ag: R;-1 — Rg}gec on a unital ring R such that

Rs = 1R, being

1 € C(R)

and

2 _
12=1

g-
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Ry =14R, being 1€ C(R) and 13 =1,.
DFP
- M. Dokuchaev, M. Ferrero, A. Paques, Partial Actions and Galois Theory, J. Pure
S Appl. Algebra, 208 (2007), (1), 77-87.
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We shall work with unital partial actions on unital rings. That is partial actions
a={ag: R;-1 — Rg}gec on a unital ring R such that

Ry =14R, being 1€ C(R) and 13 =1,.

DFP

M. Dokuchaev, M. Ferrero, A. Paques, Partial Actions and Galois Theory, J. Pure
Appl. Algebra, 208 (2007), (1), 77-87.
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We shall work with unital partial actions on unital rings. That is partial actions
a={ag: R;-1 — Rg}gec on a unital ring R such that

Ry =14R, being 1€ C(R) and 13 =1,.

DFP

M. Dokuchaev, M. Ferrero, A. Paques, Partial Actions and Galois Theory, J. Pure
Appl. Algebra, 208 (2007), (1), 77-87.

Let « be a unital partial action of a finite group G on R and
RY={re€ R|ag(rlg1) =rl,, ge€ G},

we say that R C R is a partial Galois extension if if there are xj,y; € R, 1 <i<n
such that

Z Xiag(yilg-1) = 6141R, 8 € G.

1<i<n
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Example: Let k be a field. R=k x k x k and G = (g | g* = 1). The family
a = {ayx : Ry-1 = Ry}xec where:

Ri=R, Ry =kxkx{0}, Rgp=kx{0}xk, Rp={0}xkxk

Partial Galois

theory a nd

® ap =idg;
e ag(07y7z) = (y,z,O);
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® The family {x;, y;} is called partial Galois coordinate system.
I

Example: Let k be a field. R=k x k x k and G = (g | g* = 1). The family

a = {ayx : Ry-1 = Ry}xec where:
Ri =R, Rg=kxkx{0}, Rg=kx{0}xk,

and
® ap =idg;
° O‘g(O,%z) = (y,Z,O);

® ag2(x,0,2) = (2,0,x).

is a unital partial action of G on R.

Rgs = {0} x k x k
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® The family {x;, y;} is called partial Galois coordinate system.

Example: Let k be a field. R=k x k x k and G = (g | g* = 1). The family
a = {ayx : Ry-1 = Ry}xec where:

Ri=R, Ry =kxkx{0}, Rgp=kx{0}xk, Rp={0}xkxk

and
® ap =idg;
° O‘g(O,%Z) = (y,Z,O);
° agz(X,O,z) = (2,0, x).

is a unital partial action of G on R. Moreover
R = {(x,x,x) | x € k} ~ k

and {x;, yi}1<i<3, where x; = y; = ¢; is a partial Galois corrdinate system.
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Dokuchaev-Ferrero and Paques, obtained:
Several equivalent defnitions of partial Galois extension.

Established a Galois correspondence.

What about the seven-terms exact sequence?

Recall:

0 — HY(G,U(R))—Pic(R®)—Pic(R)®—H?(G,U(R))~B(R/R®)—
HY(G, Pic(R))—H3(G,U(R)).

Thus, for a generalization of the sequence a cohomology theory based on partial

group actions and a parcial action on a semigroup analog to Pic(R) are needed.
17/39
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and Galois
e M. Dokuchaev, M. Khrypchenko, Partial cohomology of groups, J. Algebra 427
(2015) 142-182.

An n-cochain is a map f : G" — R, such that

Partial Galois

Uiy f(gi,...,81) EURLg1gg - lgig..cn)s

for all n € N.
Denote: C"(G, R) the set of n-cochains and C%(G, R) = U(R).

C"(G, R) is an abelian group under the point-wise multiplication. lIts identity is

(81,82, ,80) ~ Lo lgg - loig. gn
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The coboundary homomorphism
Let §": C"(G,R) — C"t1(G, R) defined by

n
((5”f)(g17 R 7gn+1) = Qg (f(gQa v 7gn+1)1g1_1> H f(gla - 8i8i+1y .- ,gn+1)(_1)’
i=1

f(glv ... 7gn)(*1)"+17

where the inverse elements are taken in the corresponding ideals.
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The coboundary homomorphism
Let §": C"(G,R) — C"t1(G, R) defined by

n
((5”f)(g17 R 7gn+1) = Qg (f(gQa v 7gn+1)1g1_1> H f(gla - 8i8i+1y .- ,gn+1)(_1)’
i=1

f(glv ... 7gn)(*1)"+17

where the inverse elements are taken in the corresponding ideals. If n =0 and
teU(R),
(5°1)(g) = ag(ly 1)t

0™ is a homomorphism such that

5" 0 §"(F) = idcmzg Ry, f € C"(G,R)
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Set Z"(G,R) = ker 6" and B"(G,R) =im ¢"~! and

Z"(G,R)

Hn(Ga R) = ma

H°(G,R) = Z°(G,R)

the group of partial n-cohomologies.
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In particular w : G x G — R belongs to Z2(G, R) if and only if wy p € U(R1414)
and
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The two cocycles 72

In particular w : G x G — R belongs to Z2(G, R) if and only if wy p € U(R1414)
and

ag(lg-1wh 1)wg ni = Wg hgh, i,

g, hleaG.
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Brauer group

Recall that an Algebra A is Azumaya if it is separable over C(A), that is the
multiplication map

ARcay A=A Y X @y Y xiyi

is a (C(A), C(A))-bimodule epimorphism which splits.

Let
B(R) = {[A] | A is Azumaya over R}

where [A] = [B] if there is P f.g.p such that

A® B ~ Endg(P).

22/39
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Brauer group

B(R) is a group with
[Al[B] = [A@r B,

the indentity is [R] and the inverse of [A] is [A°P]

Relative Brauer group Given S a commutative R algebra and [A] € B(R) one
has [A®g S] € B(S). Let

B(S/R) = {[Al € B(R) | [A@r S] = [S]}
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Crossed products

For a = (ag, Rg)gec partial action and w € Z2 one sets

R 0w G = P Redg
geaqG

with product
(aég)(ddh) = aag(blgq)wg,hdgh.

Then R x4, G is a G-graded ring and
Paques and Sant’Ana (2010)

[R *aw G] € B(R/R®) provided that R* C R is a partial Galois extension.
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The Picard semigroup

Recall
Pic(R) = {[P] | P isf.g.p and P, ~ R, Vp € Spec(R)}.
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The Picard semigroup

Recall
Pic(R) = {[P] | P isf.g.p and P, ~ R, Vp € Spec(R)}.

In order to work with partial actions is convenient to use the following.

We set PicS(R) = {[P] | Pisfgpand P, ~ R, V P, ={0} Vp € Spec(R)}.
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In order to work with partial actions is convenient to use the following.
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theory Pic(R) = {[P] | P is f.g.p and P, ~ R, Vp € Spec(R)}.

In order to work with partial actions is convenient to use the following.

Definition
wen T We set PicS(R) = {[P] | P is f.gp and Py ~ R, V P, = {0} ¥p € Spec(R)}.

Then PicS(R) is a commutative inverse monoid with respect to ®g, that is
[PI[Q] = [P ®r Q]

moreover
PicS(R)= | J Pic(Re).
ecR,e=e?
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A partial action on PicS(R)

Let o : (ag, Dg)geg be a partial action of G on R.

Set Xz = [Dg]PicS(R) = PicS(D,) and ay : Xg-1 3 [E] = [Eg] € X,
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A partial action on PicS(R)

Let o : (ag, Dg)geg be a partial action of G on R.
Set Xz = [Dg]PicS(R) = PicS(D,) and aj : Xg-1 3 [E] = [Eg] € Xg, being
Eg; = E as sets with R-module structure

rex=ag(rlg-1)x.
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The seven-terms exact sequence

M. Dokuchaev, A. Paques and H. Pinedo, Partial Galois cohomology and
related homomorphism, Quart. J. Math. 70 (2019), 737-766.

M. Dokuchaev, A. Paques, H. Pinedo, and |. Rocha, Partial Generalized
crossed products and a seven-term exact sequence, J. Algebra 572 (2021),
195-230.
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The seven-terms exact sequence

M. Dokuchaev, A. Paques and H. Pinedo, Partial Galois cohomology and
related homomorphism, Quart. J. Math. 70 (2019), 737-766.

M. Dokuchaev, A. Paques, H. Pinedo, and |. Rocha, Partial Generalized
crossed products and a seven-term exact sequence, J. Algebra 572 (2021),
195-230.

Let R* C R be a partial Galois extension, then there is an exact sequence

0 — HY(G,U(R))—Pic(R*)—PicS(R)* —H?*(G,U(R))~B(R/R®)—
HY(G,PicS(R))—H3(G,U(R)).
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Then
Hilbert’s 90th Theorem for partial actions. If Pic(R*) = {0}, then

HY(G,U(R)) = {0}.
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Then
Hilbert’s 90th Theorem for partial actions. If Pic(R*) = {0}, then

H(G,U(R)) = {0}.
Crossed Product Theorem for partial ations. If Pic(R) = {0} the map
H?(G,U(R)) > cls(f) = [Ra.rG] € B(R/RC).

is a group isomorphism.
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Partial actions

e A Galois extension R C S is called abelian provided that G is abelian. This
heary extensions were first studied in

D. K. Harrison, Abelian extensions of commutative rings, Mem. Amer. Math. Soc.
52 (1965), 1-14.

Partial Galois

abelian Harrison group: The set H(G, R) = {[S] | R € S is Galois} is an abelian group
extension Wlth Operation

[SI[S'T = [(S ®r S")’],
being ¢ = {(g,g ') | g € G} and G = G x G/&¢ acts on via

g<zxi®)/i) = Zg(xi)®YI
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geaG
h E rg€g :g Ig€hg-
geiG geiG
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The identity element is Eg(R) = @ Reg with G-action

geaG
h E rg€g :g Ig€hg-
geiG geiG

While the inverse of [S] is [S*] where S* = S ans sets and the G-action id

g-s=g '(s)
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and Galois

Hizery partial Galois extensions.

BCMPP

D. Bagio, A. Caias, V. Marin, A. Paques, H. Pinedo, The commutative inverse
semigroup of partial abelian extensions Comm. Algebra (to appear).

e Theorem: Let S be a ring, G a finite group H < G, a¢ a unital partial action of
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The idea is to explore such a construction due to D. K. Harrison in the context of
partial Galois extensions.
BCMPP

D. Bagio, A. Caias, V. Marin, A. Paques, H. Pinedo, The commutative inverse
semigroup of partial abelian extensions Comm. Algebra (to appear).

Theorem: Let S be a ring, G a finite group H < G, a¢ a unital partial action of
G on S such that:

e 5% C S is a partial ag-Galois extension.
® His normal in G.
Then ag induces a unital partial action ag,y of G/H on
S ={seS|an(sly-1) =sly, he H}.
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S%H is a partial a g/ y-extension of R
(SOéH)O‘G/H — 504(;‘

Let Hpar(G, R) be the set of the G-isomorphism classes of (unital) partial abelian
ag-extensions of R With operation.
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Let Hpar(G, R) be the set of the G-isomorphism classes of (unital) partial abelian
ag-extensions of R With operation.

1S, ac] *par |5, 0g] = [(S ®r §')C, 6x6)/56 ]

Theorem. Let G be a finite abelian group and R a commutative algebra. Then
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Moreover
S%H is a partial a g/ y-extension of R
(SaH)O‘G/H — 504(;.

Let Hpar(G, R) be the set of the G-isomorphism classes of (unital) partial abelian
ag-extensions of R With operation.

1S, ac] *par |5, 0g] = [(S ®r §')C, 6x6)/56 ]

Theorem. Let G be a finite abelian group and R a commutative algebra. Then
(Hpar(G, R), *par) is a commutative inverse semigroup.Thus

Hpar(G,R) = | J He(G, R)
ecE

is a union of abelian groups, indexed by the idempotents of Hp, (G, R).
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H(G, R) and HE(;(R)(Ga R)

It is clear that
H(G, R) C He(r)(G, R)
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and Galois
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It is clear that
H(G,R) C HEG(R)(G, R)
Moreover,
abelian
cenen Let a = {ag : S1,-1 — Slg}gec a partial action such that S O R is a partial

Galois extension. If anng(1,) = {0}, for any g € G then [S,ac] € Heg (r)(G, R).
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Partial actions
and Galois

theor:
; Let S=kx kx kand G = (g | g* =1). The family @ = {ayx : Ryt — Re}xec
where:
Ri=R, Ry =kxkx{0}, Rgp=kx{0}xk, Rp={0}xkxk

and

Partial Galois L] a1 = ide

abelian

extension ° ag(o, y, Z) - (y, Z, 0),

® ag(x,0,z) = (2,0,x).
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Let S=kx kx kand G = (g | g*=1). The family a = {ax : Ry-1 — Rx}xeG
where:

Ri=R, Ry =kxkx{0}, Rgp=kx{0}xk, Rp={0}xkxk

and
® ap =idg;
* ag(0,y,2) = (y,2,0);
® ag(x,0,z) = (2,0,x).

is partial Galois extension of R = {(x, x, x) | x € k} such that

I_S, Q’GJ < HEc;(R)(Ga R) \ H(G, R)
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Reduction to cyclic groups

Assume G = G; X Gp X - -+ X G, product of cyclic groups, then there is semigroup
homomorphism

[ Hoar(Gi, R) ~ Hpar (G, R).

i=i
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A. Paques, Galois theories: A survey. Advances in Mathematics and
Applications (2018).

D. Winter, A Galois theory of commutative rings J. Algebra 289 (2005)
380-411.

Hopf Galois Theory.
Galois Lie rings theory, Galois birings theory.

Galois descent theory.
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