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Free groups

Given a set A, let us describe the construction of the free group F4
generated by A.
o If A =0, we let F be the trivial group.
@ For A # (), we consider a set of “inverses” for A. It is just a set
denotedby A" = {a ' | ac A} suchthat AN A~ = 9.
@ (AUA™")* denotes the set of all words with letters in A U AT,
including the empty word w.
@ Awordin (AUA™")* is said to be reduced if no letter in A is
adjacent to its inverse.
@ We let F 4 be the set of all reduced words, which includes the
empty word.

Let A = {a,b,c},thenaab='b~'a'cc F,, but aab='ba"'c ¢ .
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We now describe the product in F:
@ The empty word w is the identity of [F 4.
@ The product of two reduced words is the concatenation follows by
simplifications if needed.

Example
Let A ={a,b,c}, x=aab " and y = ba~'c, then

xy =aab 'ba 'c

Xy =aaa 'c

Xy = ac.

@ Every element of (A U.A~")* can be seen as an element of F, by
interpreting concatenation as the multiplication of F 4.

@ There is length function | - | : F4 — N that returns the number of
letters in a reduced word. The empyt word has length 0.
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Group actions

Let X be a set and G a group. A function

GxX — X
(9,x) — g-x

is said to be a group action if
@ e-x = x forall x € X, where e is the identity of the group,
@ g-(h-x)=(gh)-xforallx e Xand g,he G.

Alternatively, a group action can be described as a family of functions
{ng : X = X}4ec such that

@ 7e = ldx;
@ ngonp=ngnforallg, heG.

We identify the two approaches via the equation 7y(x) = g - x for all
x e Xandge G.
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Partial actions

A partial action of a group G on a set X is a pair

& = ({Ui}iea, {91 }teg) consisting of a collection {U;}cg of subsets of
X and a collection {¢;}:cg of bijections, ¢; : U;-1 — Us, such that

(i) Ue = X and ¢¢ is the identity on X,
(ii) ¢S(Us—1 N Ut) = Us N Ust,
(iii) ps(dt(X)) = ¢st(x) for every x € Uy N Yigpy—1-

If the partial action is given by the free group F on a set of generators,
then the partial action is semi-saturated if

$s 0 Pt = Pst

for every s, t € F such that |st| = |s| + ||, and orthogonal if
Uz Up = 0 for a, b in the set of generator with a # b.
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Examples of partial actions

Example (Restriction of actions)

Suppose that = {ng : Y — Y}4cq is an action of a group G on a set
Y. Given X C Y, we will restrict n to X. Unless X is G-invariant (ie,
ng(X) = X for all g € G), we do not obtain an action. Nevertheless, we
always obtain a partial action as follows: for each t € G, we define
U=Xn T]t(X) and ¢; : Ut*‘ — Ut by gﬁt(X) = 7]1(X). Then

({Ut}tea, {¢1}ieg) is a partial action.

.

Example (Graphs)

Let € be a graph and 9€ its boundary path space. Let also I be the
free group generated by &'. We identify finite paths as elements of F.
We will define a partial action ({U;}tcr, {¢t}ter) Of F on O, which is
orthogonal and semi-saturated. The main idea is that e € E' acts by
adding e at the beginning of path and e~ acts by removing e from the
beginning of a path.

v
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Example (Graphs - continued)
We divide the definition of U; in a few cases:
e U, =0¢,
o U,={apecdt}forac ez,
® Us 1 ={pedt|s(u)=r(B)}forpe e,
® U,z 1 ={apedt}fora,Be &' suchthat r(e) = r(8) and ap~"
is in reduced form in IF,
@ U; = 0 for all other cases.
Similarly we divide the definition of ¢; in a few cases
@ P, = ldye,
@ du(p) = apforac e,
® ¢5-1(Bp) = pfor e e,

® Go5-1(Bu) = apfora, B € €' such that r(a) = r(8) and ap~" is
in reduced form in ¥,

@ ¢; is the empty function for all other cases.

v
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The transformation groupoid

Let & = ({Ut}teq, {0t }teg) be a partial action of G on a set X. Define
the transformation groupoid as the set

Gro X={(xt,y) e XxGx X|ye U-rand x = ¢(y)}
with operations
(Xv tvy)(yv S, Z) = (X, ts, Z)
and
Ly =t y),
where (Xv tay)?(y? S,Z) €G Xo X.

Note that the information of a triple (x, t,y) € G x¢ X is completely
encoded in the pair (¢, y) or (x, t).
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Topological partial actions

Suppose now that X is a topological space and for simplicity suppose
that G is a discrete group. A topological partial action of Gon X is a

partial action ® = ({Ut}+eq, {¢t}teg) such that for all t € G, Us is open
and ¢; is a homeomorphism.

On G x ¢ X we put the topology induced by the product topology
X x G x X. If X is a Stone space, then G x¢ X is a Hausdorff ample
groupoid.

The partial action of F on 9¢€ defined above is a topological partial
action and F x ¢ 0€ is a Hausdoff ample groupoid. In fact it isomorphic
to graph groupoid G¢ seen in part 1 via

(alu'a O[B_1 ) B:U’) = (al‘tv |Oé| - |5|7 ﬁ:u)
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Algebraic partial actions

Let R be a commutative unital ring and .4 an R-algebra. We say that a
partial action 7 = ({Dt}cq, {Tt}tcg) Of @ group G on A is an algebraic
partial action if for every t € G, Dy is a (two-sided) ideal of A and 7; is
an isomorphism of R-algebras.

We will define an R-algebra from an algebraic partial action. This
algebra is sometimes called a partial skew group ring and other times
an (algebraic) partial crossed product.

As an R-module, we define

ANT G= @Dt
teG

An element of A x, G will be written as a finite sum } ,_; a6, where
ar € Dy and é; can be thought as a symbol to indicate the coordinate t.
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In order to define the product in A x, G, it is enough to understand
what happens for elements of the form agds and b;d; and then extend it
in a bilinear way.

If we were to copy partial group rings, we would define the product as
asls - bydy = ass(bt)dst,

however, we do not know whether b; € Dy 1. To fix this, we observe
that we can apply 75-1 on as and that 75-1(as) € Ds-1. Since Dg-1 is an
ideal, we have that 7,1 (as)bt € Dg—1, on which we can apply 7s. We
then define the product as

33(53 . bt(St = 7_3(7_5—1 (as)bt)ést-

This product is not always associative. \
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Let T = ({Dt}teq, {1t }teg) be an algebraic partial action such that D; is
idempotent for all t € G (that is, D;D; = D;). Then the product on
A x,. G defined above is associative.

Definition

Let S be aring and F a family of idempotents of S. We say that F is a
family of local units for Sif for every n € N and s, ..., sp, there exists
f € Fsuchthat fs; = s;f = s;foralli € {1,...,n}.

If S has a family of local units then S is idempotent.
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Dual partial action

Let G be a discrete group and X be a Hausdorff space with a basis of
compact-set (ie, a Stone space). Given a topological partial action

& = ({Ut}ea, {9t}Hieg) of G on X, suppose that Ut is clopen for all

t € G. From this, we can build an algebraic partial action of G on
Le(X, R), which we call a dual partial action.

Foreach t € G, we set D; = Lc(Us, R) seen as an ideal of Lc(X, R) by
a extending a function f: Uy — Rto f: X — R by defining it to be 0
outside U;. Because U is clopen this extension is indeed in Lc(X, R).
We observe that F = {1y | V C U; is compact-open} is a family of
local units for D.

We also define ¢; : D;-1 — Dy by ¢y(f) = f o d1.

Proposition

® = ({Dt}iea, {61} 1) defined as above is an algebraic partial action
such that Dy is idempotent for all t.
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With the above construction Ar(G x¢ X) = Lc(X, R) x4 G.

Idea of the proof.

Given f € Ag(G x¢ X), for each t € G, we define f; : Uy — R by
fi(x) = f(x,t, ¢;—1(x)). The map given by

f— th(St

teG

is then a well-defined homomorphism of R-algebras.

For the inverse, we send a sum ) ;s fid; to the function
f: Gxe X — Rgivenby f(x,t,y) = fi(x). O
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Partial actions from labelled spaces

Given a labelled space (&, £, B), that we have a topological
correspondence (E', s, r) from FO to E°, where E° = X,

FO = X, U {0} its one-point extension and E' = [ |,_, X, with the
disjoint topology. We denote an element of E' by e for a € A and
F € X5. And we have a boundary path space 0E.

Analogous to the graph case we can define
e U, =0E,
o U, = {ej?1 ---eﬁé”nueé?E}foraeL”with n>1,
@ Usi ={ncdE|r(B)cs(u}forpel,
® Uyy-1 ={€% ---exncdE|r(B) e s(u)}fora, s € L=" such that
la| = n, r(a) N r(B) # 0 and a3~ is in reduced form in 7,
@ U; = () for all other cases.

Forall t € F\ {w}, we have that U; is compact-open. \
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For the maps, we can prove that ¢+ : U, — U,-1 given by
o1 (eg‘;1 -+ €57 1) = p is a well-defined homeomorphism.

Because of the filters F4, ..., Fp the description of the inverse is much
more technical. Nevertheless, we can define ¢, = (¢,-1)~" and
Pup-1 = da © P51, Whenever it makes sense.

The construction above results in an orthogonal semi-saturated partial
action ® of F on OE such thatT (E) = F x4 OE.

Lp(E, L, B) = Lc(DE, R) x4 F.
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Theorem

Let X be a Stone space and let p = ({ Vi }ter, {pt}tcr) be @
semi-saturated, orthogonal topological partial action of a free group F
on Xsuch that V; is compact-open for all t € F \ {w}. Then there exists
a labelled space (&, L, B) and a homeomorphism f : X — OE, where
OE, such that f is equivariant with respect to the actions p and ® given
by the above theorem. In particular F x , X and F x, OE are
isomorphic as topological groupoids.

| A

Idea of the proof.

@ A is the set of generators of I,

@ &0 =X,

@ &' ={(ax)eAxX|xe Va},

@ s(a,x)=x,r(ax)=ps1(x),

@ L(a x)=a,

@ B is the set of compact-open subsets of X.
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Corollary

Let R be a commutative unital ring and A be a torsion-free
commutative R-algebra generated by its idempotents elements. Let
also T = ({D:}er, {7t}ter) be a semi-saturated, orthogonal algebraic
partial action of a free group F on A such that D; is unital for every

t € F\ {w}. Then, there exists a labelled space (&, L, B) such that
Ax,F = L,q((&ﬁ,%).

| \

Idea of the proof.

We have that A = Lc(X, R) for some Stone space X. Fort € F \ {w},
because Dy is unital, we have D; = Lc(U;, R) for some compact-open
U; subset of X.

We can then define partial action p = ({U;}ter, {pt}ter) such that its
dual p is essentially the same as 7. Hence, for the labelled space
(€, L, B) of the previous theorem, we get

Ax, F2Le(X,R)x;F = Lg(E, £, B).
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Thank you!
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