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Definition

Let M be a monoid and I' a group. M is said to be a I'-monoid if
there is an action of I on M.

Exosnge

V=L ond  T= W(K) wder eorwice aoohon
ZxT —> T

7‘2 x
(L) — (&)

= T s a 7-mod
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Definition
A T-order ideal of a T-monoid M is a subset I of M such that for
a,peT,

%+Phel & abel
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Let I and ] be I'-order-ideals of a commutative monoid T with

I CJ. Then

/Do) ="/
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Let I and ] be I'-order-ideals of a commutative monoid T with

I CJ. Then

CIfor) ="/

Let T be a refinement I''monoid and let Q, L and N be
I-order-ideals of T such that L. € Q. Then

QL +@nny =2 Q@+N) [+ )
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Definition

A commutative monoid T is called refinement, if fora+b = c +4d,
there exist e1, e, e3,¢4 € T such that

a=ej1+e, b=e3+es and c=e1 +e3, d =er +e4.

sebandal@g.msuiit.edu.ph Talented monoids, Leavitt Path Algeb and Lie Brackets



Definition

A commutative monoid T is called refinement, if fora+b = c +4d,
there exist e1, e, e3,¢4 € T such that

a=ej1+e, b=e3+es and c=e1 +e3, d =er +e4.

[Sebandal, Vilela (2021)]
T =1{0,1,x,y,z,5,b} and an operation (+) on given by

+10 1 x y z s b
0|01 xy z s b
111 11 s s s b
xlx 1 1 s s s b
yly s s yysb
z|lz s s yys b
s|s s s s s s b
b|b b b bbb s
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i Y, +10 1 x y z s b
— 0[0 1 xy z s b
111 11 s s s b
x|x 1 1 s s s b
yly s s yysb
z|lz s s yys b
s|s s s s s s b
b|b bbb b b s
I'={0} = TisaIl-monoid
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Wy +/0 1 «x
S 010 1 x
11 1 1

x|x 1 1

yly s s

zZ |z S S

S |S S S

blb b b

I'={0}

1+ 1 = x + x can not be refined
A=1{0,1,x}, B={0,y,z}

y z s b —
y z s b

s s s b

s s s b

y y s b

vy y s b

s s s b

bbb s

— TisaIl-monoid

— T is not a refinement monoid
— A and B are

T-order-ideals of T

alfilgen.sebandal@g.msuiit.edu.ph

Talented monoids, Leavitt Path Algebras , and Lie Brackets



pe

A +/0 1 x
e 0/0 1 x
11 1 1

x|x 1 1

y|y s s

zZ |z S S

S S S S

b|b b b

I' = {0}

1+ 1 = x + x can not be refined
A=1{0,1,x}, B={0,y,z}

b+b=s=x+ycA+B
butb¢ A+ B

y z s b —
y z s b

s s s b

s s s b

y y s b

yys b

s s s b

bbb s

— TisaIl-monoid

— T is not a refinement monoid
— A and B are

T-order-ideals of T
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Wy +/0 1 «x
S 010 1 x
11 1 1

x|x 1 1

yly s s

zZ |z S S

S |S S S

blb b b

I'={0}

1+ 1 = x + x can not be refined
A=1{0,1,x}, B={0,y,z}

@b:s:x+y€A+B

butb¢ A+ B

y z s b —
y z s b

s s s b

s s s b

y y s b

vy y s b

s s s b

bbb s

— TisaIl-monoid

— T is not a refinement monoid
— A and B are

T-order-ideals of T

alfilgen.sebandal@g.msuiit.edu.ph

Talented monoids, Leavitt Path Algebras , and Lie Brackets



pe

A +/0 1 x
e 0/0 1 x
11 1 1

x|x 1 1

y|y s s

zZ |z S S

S S S S

b|b b b

I' = {0}

1+ 1 = x + x can not be refined
A=1{0,1,x}, B={0,y,z}

b+b=s=x+ycA+B
butb¢ A+ B

y z s b —
y z s b

s s s b

s s s b

y y s b

yys b

s s s b

bbb s

— TisaIl-monoid

— T is not a refinement monoid
— A and B are

T-order-ideals of T
— A + Bisnotal-order-ideal
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Let T be a refinement I'-monoid and let Q, L and N be
I-order-ideals of T such that L. € Q. Then

Qfw+@nny =Q Ve +n)-
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Let I be a I'-order-ideal of T. We say
(i) Iis a cyclic ideal if for any x € I, there is an a € I such that
“x = x;
(ii) Iis a comparable ideal if for any x € I, there is an a € I" such
that “x > x;

(iii) I1is a non-comparable ideal if for any x € I, and any a € ', we
have “x || x.
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e
Let I be a I'-order-ideal of T. We say
(i) Iis a cyclic ideal if for any x € I, there is an a € I such that
“x = x;
(ii) Iis a comparable ideal if for any x € I, there is an a € I" such
that “x > x;

(iii) I1is a non-comparable ideal if for any x € I, and any a € ', we
have “x || x.

Xz &= K= g

N «omeg A
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Example

LetT=IN®IN &N & NN be a free abelian monoid with the

action of Z on T defined by Ya,b,c,d) = (d,a,b,c) and extended
to Z.

xeT = “*x=x

Then T is a cyclic Z-monoid.
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““"Let T be a T-order-ideal. A I-series for T is a sequence of
I'-order-ideals

O=hhchchc---Cl,=T. (*)

Furthermore, we say (+) is a I'-composition series if for each
i=0,1---,n—-1,1I; € I;;; and each of quotients I;;;/I; are simple
I'-monoids.
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Let T be a I'-order-ideal. A I'-series for T is a sequence of
I'-order-ideals

O=hchchc---cl,=T. (*)

Furthermore, we say (+) is a I'-composition series if for each
i=0,1---,n—-1,1I; € I;;; and each of quotients I;;;/I; are simple

I'-monoids. ‘ .

T- compostion sefes O\ cwde gushest s
cyhe cyche
COMpPOVObYe COMPOVoR\e

NONCOMPCY oVv\e ﬂDROOmPO\‘fO\%

We further say a composition series is of mixed type of certain
kinds if the simple quotients are those given kinds.
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Jordan-Holder Theorem

Two I'-series of a refinement I'-monoid T have equivalent
refinement. Thus, any I'-composition series are equivalent and
a I'monoid having a composition series determines a unique
list of simple I'-monoids.
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Definition

A directed graph E is a tuple (E9, EY, r,5) where E? and E! are sets
and 7, s are maps from E! to E°. The elements of E° are called
vertices and the elements of E! edges. We think of each e € E! as
an edge pointing from s(e) to r(e), that is, s(e) is the source of e
and r(e) is the range of e. A graph E is finite if E® and E! are both
finite.

v
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Definition

A subset H C EY is said to be hereditary if for any e € El, we
have that s(e) € H implies r(e) € H.
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Definition

A subset H C EY is said to be hereditary if for any e € El, we
have that s(e) € H implies r(e) € H.
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Definition

A subset H C EY is said to be hereditary if for any e € El, we
have that s(e) € H implies r(e) € H.

A subset H C E? is said to be saturated if for a regular vertex
v, r(s"'(v)) € H, thenv € H.
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Leavitt Path Algebra )

For a row-finite graph E and a ring R with identity, we define
the Leavitt path algebra of E, denoted by Lr(E), to be the algebra
generated by the sets {v: v € E%, {a:ae€EYand (@ : a € EY}
with coefficients in R, subject to the relations

(V) vjv; = 8;v; for every v;,v; € EY;
(E) s(e)e =e = er(e) and r(e)e* = e* = e*s(e) for all e € E;
(CK1) e*¢’ = Op¢1(ea) for all e, e’ € EY;
(CK2)

{a€E:s(e)=0)

for every v € EY which is not a sink.

Talented monoids, Leavitt Path Algebras , and Lie Brackets

alfilgen.sebandal@g.msuiit.edu.ph



i
JI >

Gelfand-Kirillov Dimension )

Let A be an algebra (not necessarily unital), which is generated
by a finite dimensional subspace V. Let V" denote the span of
all products v1v2---v,, v; € V,k <n. Then V = vicvic...,

A=U;s>1 V" and gy = dimV" < co.

Given the functions f, g : N — R*, if there exists ¢ € IN such that
f(n) < cg(cn) for all n € IN we call f asymptotically bounded by g.
If f is asymptotically bounded by ¢ and g is asymptotically
bounded by f, the functions f and g are said to be asymptotically
equivalent denoted by f ~ g. The equivalence class of f under ~
is called the growth of f.
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If W is another finite-dimensional subspace that generated
A, then gy ~ gwn)-

If g(v(ny) is polynomially bounded, then the Gelfand-Kirillov
dimension of A is defined as

In
GKdimA = lim sup &) .
nooeo NN

The GK-dimension does not depend on a choice of the
generating space V as long as dimV < co. If the growth of A is
not polynomially bounded, then GKdimA = co.

alfilgen.sebandal@g.msuiit.edu.ph Talented monoids, Leavitt Path Algebras, and Lie Brackets



Graph Monoid )

Let E be a row-finite directed graph. The graph monoid of E,
denoted by Mg, is the abelian monoid generated by {v : v € E°},

subject to
v= Z r(e)
ecs~1(v)

for every v € E° that is not a sink.
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Talented Monoid )

Let E be a row-finite graph. The falented monoid of E, denoted
by Tk, is the abelian monoid generated by {v(i) : v € Eiez),
subject to

oi)= Y re)i+1)

ees1(v)

for every i € Z and every v € E” that is not a sink.
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The additive group Z of integers acts on Tr via monoid
automorphisms by shifting indices:

"o(i) = v(i + n)

— extends to an action of Z on Tk.
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The additive group Z of integers acts on Tr via monoid
automorphisms by shifting indices:

"o(i) = v(i + n)
— extends to an action of Z on Tk.

= Tg is a Z-monoid
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The additive group Z of integers acts on Tr via monoid
automorphisms by shifting indices:

"o(i) = v(i + n)
— extends to an action of Z on Tk.

= T is a refinement Z-monoid

.msuiit.edu.ph Talented monoids, Leavitt Path Algebras , and Lie Brackets



EXAMPLE:

u=s V= UWwWwW

w0 = V(&) = n2)
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ulo) =

v(4)
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Theorem [Alahmadi, Alsuhami, Jain, Zelmanov]

Let E be a finite graph.

suiit.edu.ph Talented monoids, Leavitt Path Algebras , and Lie Brackets



el
&
et

Theorem [Alahmadi, Alsuhami, Jain, Zelmanov]

Let E be a finite graph.
(1) GKdim Lg(E) < o ¢ E is a graph with disjoint cycles.
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Theorem [Alahmadi, Alsuhami, Jain, Zelmanov]

Let E be a finite graph.
(1) GKdim Lg(E) < o ¢ E is a graph with disjoint cycles.

(2) If d; is the maximal length of a chain of cycles in E,
and d; is the maximal length of chain of cycles with an exit,
then
GKdim Lg(E) = max(2d; — 1,2d,).
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Theorem [Alahmadi, Alsuhami, Jain, Zelmanov]

Let E be a finite graph.
(1) GKdim Lg(E) < o ¢ E is a graph with disjoint cycles.

(2) If d; is the maximal length of a chain of cycles in E,
and d; is the maximal length of chain of cycles with an exit,
then
GKdim Lg(E) = max(2d; — 1,2d,).

2dq ifdy =dy

GKdim Lg(E) = .
2d1 -1 ifdy # dy.
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" EXAMPLE:

() ()

E: 0O——w

N\

d16€3 =2
o (8) = L

G\Kdlm ch\a = b

() Q)

F: v w z

(/) = 2
e (V) = 2

GCdim Le(F) =4
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Theorem 12

Let E be a finite graph, Lx(E) its associated Leavitt path algebra
and T its talented monoid. Then the following are equivalent.
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Theorem 12

Let E be a finite graph, Lx(E) its associated Leavitt path algebra
and T its talented monoid. Then the following are equivalent.

(1) Eisa graph with disjoint cycles; gebmd N
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Theorem 12

Let E be a finite graph, Lx(E) its associated Leavitt path algebra
and T its talented monoid. Then the following are equivalent.

(1) Eisa graph with disjoint cycles;
(2) Tg has a composition series of cyclic and non-comparable

types;,  amond  Grudure of Tg
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Theorem 12

Let E be a finite graph, Lx(E) its associated Leavitt path algebra
and T its talented monoid. Then the following are equivalent.

(1) Eisa graph with disjoint cycles;
(2) Tr has a composition series of cyclic and non-comparable
types;
(3) Lk(E) has a finite GK-dimension. 9 dmra\hc, 6&“’\(&1‘"&)
ST UeX)
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Consider the graphs with disjoint cycles below.

L0 Q0

E: O——mmw F z
z
GKdim Lx(E) = 3 GKdim Lg(F) = 4
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Consider the graphs with disjoint cycles below.

L0 Q0

E: O——mmw F z
z
GKdim Lx(E) = 3 GKdim Lg(F) = 4

Te ¢ Tr

e Tr has a periodic element (‘w = w)
o Tr has no periodic elements (otherwise it has to have a cycle
with no exit).

alfilgen.sebandal@g.msuiit.edu.ph Talented monoids, Leavitt Path Algebras, and Lie Brackets



.’f Y
i
5 4
%‘“‘%nw.s«*“ ¢
E: UV — W F: v w z
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However, we have the following composition series for Tr and
Tr, which are equivalent:

(z) c{z,w) C TE
(z) C{z,w) C TF.
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Definition 10

Let T be a I''monoid. The upper cyclic series of T is a chain of
I'-order-ideals

O=hchchc---Cl,

where I;,1/1; is the largest cyclicideal of T/I;, 0 <i<n—1. We
call I,, the leading ideal of the series and denote n by I.(T).
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Let E be a finite graph with disjoint cycles, Lx(E) its associated
Leavitt path algebra and T its talented monoid.

e S - largest non-comparable I'-order-ideal

e | - leading ideal of the upper cyclic series of T
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Let E be a finite graph with disjoint cycles, Lx(E) its associated
Leavitt path algebra and T its talented monoid.

e S - largest non-comparable I'-order-ideal

e | - leading ideal of the upper cyclic series of T

o di = I(Te/S)

° dz = lC(TE/S + I)
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Theorem

Let E be a finite graph with disjoint cycles, Lx(E) its associated
Leavitt path algebra and T its talented monoid.

e S - largest non-comparable I'-order-ideal

e | - leading ideal of the upper cyclic series of T

o di = I(Te/S)

od, = lC(TE/S + I)

Then
2d, ifdi =d>

GKdim Lg(E) = .
2d1 -1 ifdy #dy.

alfilgen.sebandal@g.msuiit.edu.ph Talented monoids, Leavitt Path Algebras, and Lie Brackets



Let E and F be finite graphs.

K5 (Lk(E)) = K§'(Lx(F)) = GKdim Lg(E) = GKdim Lk(F).
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Lie Algebra J

A Lie algebra over a field K is a K-vector space L together with a

map
[, -]:LxL—L

such that
(1) [, -] is bilinear,
(2)[x,x] =0forallxe L,
3) [x [y, zl] + [y, [z, x]] + [[z, [x,y]ll = O for all x,y,z € L.
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Lie Solvable and Lie Nilpotent
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Lie Solvable and Lie Nilpotent

Let (L, [-, —]) be a Lie algebra. Define

L = LO
= 10
LM = [0, L=y
L = [LL""]

foreveryn > 1.
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Lie Solvable and Lie Nilpotent ]

Let (L, [-, —]) be a Lie algebra. Define

L = LO
= 10
LM = [0, L=y
L = [LL""]

for every n > 1. Then L is called solvable (resp. nilpotent) of index
n if n is the minimal integer such that L™ = 0 (resp. L" = 0).
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Lie Solvable and Lie Nilpotent ]

Let (L, [-, —]) be a Lie algebra. Define

L = LO
= 10
LM = [0, L=y
L = [LL""]

for every n > 1. Then L is called solvable (resp. nilpotent) of index
n if n is the minimal integer such that L™ = 0 (resp. L" = 0).

The associative algebra A is called Lie solvable (resp. Lie
nilpotent) of index n if its associated Lie algebra is solvable
(resp. nilpotent) of index n.
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Let K be an arbitrary field and E a finite graph such that Lk (E) is
Lie solvable. Then
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Theorem

Let K be an arbitrary field and E a finite graph such that Lk (E) is
Lie solvable. Then
@ Tt has a composition series of cyclic and noncomparable

types.
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Theorem

Let K be an arbitrary field and E a finite graph such that Lk (E) is
Lie solvable. Then
@ Tt has a composition series of cyclic and noncomparable

types.
@ GKdim Lx(E) < 1.
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Let K be an arbitrary field and E a finite graph. Then the
following hold:
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Let K be an arbitrary field and E a finite graph. Then the
following hold:
(i) char(K) =2
Lk(E) is Lie solvable & GKdim Lg(E) < 1 and one of the
following conditions is satisfied: for every vertex v € E, we
have either
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Let K be an arbitrary field and E a finite graph. Then the
following hold:
(i) char(K) =2
Lk(E) is Lie solvable & GKdim Lg(E) < 1 and one of the
following conditions is satisfied: for every vertex v € E, we
have either
(a) (v) is a minimal non-comparable ideal,
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Theorem

Let K be an arbitrary field and E a finite graph. Then the
following hold:
(i) char(K) =2
Lk(E) is Lie solvable & GKdim Lg(E) < 1 and one of the
following conditions is satisfied: for every vertex v € E, we
have either
(a) (v) is a minimal non-comparable ideal,
(b) or a cyclic ideal with [(v) N E% <2,
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Let K be an arbitrary field and E a finite graph. Then the
following hold:
(i) char(K) =2
Lk(E) is Lie solvable & GKdim Lg(E) < 1 and one of the
following conditions is satisfied: for every vertex v € E, we
have either
(a) (v) is a minimal non-comparable ideal,
(b) or a cyclic ideal with [(v) N E% <2,
(c) or for every e € s71(v), r(e) || w as elements of M for
every w # 0.
(ii) char(K) # 2
Lk(E) is Lie solvable & GKdim Lx(E) < 1 and for every
veE% (v) NE° = {v).
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Let K be a field and E be a finite graph.

Lk(E) is Lie nilpotent & GKdim Lg(E) < 1 and for every
veE (vyNE® = {v}.
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We call a vertex v in a connected graph E a balloon over a
nonempty set W C E° if
(i) veW
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Balloon )

We call a vertex v in a connected graph E a balloon over a
nonempty set W C E° if

(i) veW
(ii) thereis aloop C € E(v,v)
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Balloon

We call a vertex v in a connected graph E a balloon over a
nonempty set W C E° if

(i) veW
(ii) thereis aloop C € E(v,v)
(iii) E(v, W) # @
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Balloon )

We call a vertex v in a connected graph E a balloon over a
nonempty set W C E° if

(i) veW

(ii) thereis aloop C € E(v,v)
(iii) E(v, W) # @
(iv) E(v,E%) = {C}UE(v, W)
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Balloon )

We call a vertex v in a connected graph E a balloon over a
nonempty set W C E° if

(i) veW

(ii) thereis aloop C € E(v,v)
(iii) E(v, W) # @
(iv) E(v,E% = {C} U E(v, W)
(v) E(E% ) = {C}.
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Let E be a connected graph and W C E°. A vertex v ¢ W is a
balloon over W if and only if
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Let E be a connected graph and W C E°. A vertex v ¢ W is a
balloon over W if and only if

(1) (E\ {v}) is the maximal Z-order-ideal of Tr which does not
contain v;
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Let E be a connected graph and W C E°. A vertex v ¢ W is a
balloon over W if and only if

(1) (E\ {v}) is the maximal Z-order-ideal of Tr which does not
contain v;

(ii) (s @) \ W = {o};
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Let E be a connected graph and W C E°. A vertex v ¢ W is a
balloon over W if and only if

(1) (E\ {v}) is the maximal Z-order-ideal of Tr which does not
contain v;
(i) 76T @) \ W = {v};

(iii) Tg/m is simple cyclic.
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Theorem

Let E be connected row-finite graph with Lg(E) not simple.
[Lk(E), Lx(E)] is simple < for every vertex v ¢ I for some
Z-order-ideal I, Theorem ¥ (i)-(iii) are satisfied and

w € [Lx(W), Lx(W)]
wer(E(v,W))

where W = E° N ], ] the minimal non-cyclic Z-order-ideal of TE.
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Let E be a finite graph. Then the following is equivalent:
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Theorem

Let E be a finite graph. Then the following is equivalent:
(i) [Lx(E), Lx(E)]is simple and Lg(E) is graded simple.
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Theorem
Let E be a finite graph. Then the following is equivalent:

(i) [Lx(E), Lx(E)]is simple and Lg(E) is graded simple.
(ii) Lg(E) is simple and
e = Y, 0 ¢ [Lk(E), Lk(B)].

veEL
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