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Overview of the 2nd class
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categories and monoidal categories
bicategories and 2-categories

strictification theorems

double categories (as specific internal categories)

monads and 2-monads

internal categories (as specific 2-monads)
enriched categories and when they induce internal categories
2-monads in the bicategories of spans and matrices

double category of monads (why ‘“vertical morphisms” of monads are
useful)
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e vertical 1-cells e horizontal 1-cells
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Double category as internal category

A double category is an internal category in the category Cat;.

There are: e categories Cp, C; (0-cells in Caty)
e functors (1-cells in Cat;)
s;t: GG —>CG, u:G—G0G andc:ClchC1—>C1

s.t. e C is associative and unital. P
A—B
o O-cells vx @ lz
| | NE
e vertical 1-cells e horizontal 1-cells

e squares (2-cells)

Co: O-cells and 1v-cells, Ci: 1h-cells and 2-cells.
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Pseudodouble category as internal category

A pseudodouble category is a
pseudocategory internal in the 2-category Cat;.

(an internal category in Caty)

There are: e categories Cp, C1 (0-cells in Catp)
e functors (1-cells in Catp)
s;t: GG —C, u:G—GCG andc:Gxg, GG — G
e natural transformations (2-cells in Caty)
a:c® (idg X €)= c®(c x¢ idg)
ACc® (u X ¢ idcl) = idcl
p:c® (ide X, u) = idg

which satisfy a pentagon and a triangle.
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Bicategories and pseudodouble categories

A bicategory known to everyone:
0: algebras A, B..., 1: A-B-bimodules,

2: bimodule morphisms.

Pseudodouble category:

e (: algebras A, B

e 1v: alg. morphisms e 1h: A-B-bimodules

5 M A e 2: bimodule morphisms*
fl [o] lg

B/ _N, Al

a: M — N A-B-bimodule morphism
a-n-b:=g(a)-n-f(b)
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Bicategories and pseudodouble categories

> In every pseudodouble category there is a bicategory:
for vertical morphisms take only identities,
and correspondingly “globular 2-cells”. f

A——B

:JgJ:

A——B

(This is the horizontal bicategory H(D) of the pseudodouble category
D.)
> Each bicategory can be embedded into a pseudodouble category.

e Recall that every pseudodouble category is double-equivalent to a double
category.
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Monads

A monad (T, u,n) in a category C consists of:
functor T:C —C + nat.tr. py: ToT =T &n:lde — T st

T T T

T T T

(These diagrams are in the monoidal category (Fun(C,C),o,ld¢).)

Example: in a monoidal category C any algebra A € C determines a monad
by A —:C — C.

Morphisms of monads
are nat. transf. f: T — P s.t.:
T T T T
f

P
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2-monads

2-monad = monad in a 2-category K:

A 2-monad consists of:
alOcell A4, alcell T:A— Aand2-cells u: TT=Tandn:ldgy=T

s.t.
T T T

T TT TT T
SR
T T

T T T

(Note the shift in dimension in the meaning of diagrams.)

o A monad on a category C (7 : C — (') is a 2-monad in K = Cat»
(with A = C).
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Strict monoidal categories as 2-monads

Let C be a strict monoidal category.

Set T=Cx—: Cat; — Cat;.

For a category M € Cat; itis T(M) =C x M.

For a functor F : M — N (1-cell in Caty) itis T(F)=CxF:CxM

— CxN and hence T(GF) = T(G)T(F). Then T is a functor on the cat.
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e Then T is a 2-monad in the 2-category Caty with 7 = ® x — and
n7(*) : ldcat, (*) — T(*) i.e. n7(*) : * — C X * given by the unity functor
U : % — C of C, determining the unit object /. (strictness of C,

versus pseudomonads)

Cat; as a category is a O-cell in Catp,
T as a functor is a 1-cell in Cats,
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Strict monoidal categories as 2-monads

Let C be a strict monoidal category.

Set T=Cx—: Cat; — Cat;.

For a category M € Cat; itis T(M) =C x M.

For a functor F : M — N (1-cell in Caty) itis T(F)=CxF:CxM

— CxN and hence T(GF) = T(G)T(F). Then T is a functor on the cat.
Cat;.

e Then T is a 2-monad in the 2-category Caty with 7 = ® x — and
n7(*) : ldcat, (*) — T(*) i.e. n7(*) : * — C X * given by the unity functor
U : % — C of C, determining the unit object /. (strictness of C,

versus pseudomonads)

Cat; as a category is a O-cell in Catp,
T as a functor is a 1-cell in Cats,
and p1,nTt as natural transformations are 2-cells in Cats.
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2-monads yielding strict monoidal categories

For the 2-monad T = Cx — : Cat; — Cat; itis T(x)=C.

Conversely: any 2-monad T : Cat; — Caty in Catp
of the form T= T(x)x—

yields a strict monoidal category T (x).



2-Monads
[e]ele] ]

2-monads yielding strict monoidal categories

For the 2-monad T = Cx — : Cat; — Cat; itis T(x)=C.

Conversely: any 2-monad T : Cat; — Caty in Catp
of the form T= T(x)x—

yields a strict monoidal category T (x).

(TT(x) = T(C) “Z" ¢ x )



Mnd(KC)
(o]e]

The 2-category Mnd(K)
(of 2-monads)



Mnd(KC)
( 1]

The 2-category Mnd(K) of monads in K

0-cells:
2-monads (A, T: A— A, ur: TT—T,n7:1dg—T)



Mnd(KC)
( 1]

The 2-category Mnd(K) of monads in K

0-cells:
2-monads (A, T: A— A, ur: TT—T,n7:1dg—T)

1-cells: pairs (X,¢): (A, T) — (A, T') where X : A — A’ is a 1-cell



The 2-category Mnd(K) of monads in K

0-cells:
2-monads (A, T: A— A, ur: TT—T,n7:1dg—T)

1-cells: pairs (X,¢): (A, T) — (A, T') where X : A — A’ is a 1-cell and
P T'X = XT a 2-cell



The 2-category Mnd(K) of monads in K

0-cells:
2-monads (A, T: A— A, ur: TT—T,n7:1dg—T)

1-cells: pairs (X,¢): (A, T) — (A, T') where X : A — A’ is a 1-cell and
P T'X = XT a 2-cell s.t.

T T X T T X

- e |




The 2-category Mnd(K) of monads in K

0-cells:
2-monads (A, T: A— A, ur: TT—T,n7:1dg—T)

1-cells: pairs (X,¢): (A, T) — (A, T') where X : A — A’ is a 1-cell and
P T'X = XT a 2-cell s.t.
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- e |

2-cells: (X,4) = (Y,¢') are given by 2-cells { : X — Y in K satisfying:

T X T X
-
Y T Y T
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monoidal cat., a T-algebra is precisely an A-module in C.
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T-algebras

For a monad T : C — C a T-algebra is an object X € C with a morphism
v:T(X)— XinCs.t.

T T X TTX
X X
kﬂ = L and u =
X X
X X

Example: For a monad T = A® — : C — C where A is an algebra and C a
monoidal cat., a T-algebra is precisely an A-module in C.

e Fora2monad (A, T: A— A, ur: TT—=T,nr:ldg—T)in K a
T-algebra is a 1-cell X : A" — A with a 2-cell v: TX = X in K s.t. the
above diagrammatic identities hold, with the shift in dimension.
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Exercise.
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and T =C x — : Cat; — Caty a 2-monad in the 2-category Cats.

e A T-algebrais a 1-cell X : A" — A with a 2-cell v : TX = X in Caty +
2 diagrams. (Suppose X = X(*) x — with A = A’ = Caty.)

Set X(x) = M.
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T-algebras vs. C-module categories

Exercise.
Let C be a strict monoidal category
and T =C x — : Cat; — Caty a 2-monad in the 2-category Cats.

e A T-algebrais a 1-cell X : A" — A with a 2-cell v : TX = X in Caty +
2 diagrams. (Suppose X = X(*) x — with A = A’ = Caty.)
Set X(x) = M. Then X = M x — is a functor (1-cell in Caty), and

v:Cx (M x—)= M x — a natural transformation
(2-cell in Catyp).
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T-algebras vs. C-module categories

Exercise.
Let C be a strict monoidal category
and T =C x — : Cat; — Caty a 2-monad in the 2-category Cats.

e A T-algebrais a 1-cell X : A" — A with a 2-cell v : TX = X in Caty +
2 diagrams. (Suppose X = X(*) x — with A = A’ = Caty.)

Set X(x) = M. Then X = M x — is a functor (1-cell in Caty), and
v:Cx (M x—)= M x — a natural transformation

(2-cell in Caty). The two diagrams evaluated at * yield:

exexmM—2xMd ooy UESL NNV

M4>
Id xv lu N v
M

CxM—f—— M
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T-algebras vs. C-module categories

Exercise.
Let C be a strict monoidal category
and T =C x — : Cat; — Caty a 2-monad in the 2-category Cats.

e A T-algebrais a 1-cell X : A" — A with a 2-cell v : TX = X in Caty +
2 diagrams. (Suppose X = X(*) x — with A = A’ = Caty.)
Set X(x) = M. Then X = M x — is a functor (1-cell in Caty), and

v:Cx (M x—)= M x — a natural transformation
(2-cell in Caty). The two diagrams evaluated at * yield:

exexmM—2xMd ooy M e m
Id xv lu N v
CxM— e M M

= X(x) = M is a C-module category.
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T-algebras vs. C-module categories

Exercise.
Let C be a strict monoidal category
and T =C x — : Cat; — Caty a 2-monad in the 2-category Cats.

e A T-algebrais a 1-cell X : A" — A with a 2-cell v : TX = X in Caty +
2 diagrams. (Suppose X = X(*) x — with A = A’ = Caty.)
Set X(x) = M. Then X = M x — is a functor (1-cell in Caty), and

v:Cx (M x—)= M x — a natural transformation
(2-cell in Caty). The two diagrams evaluated at * yield:

exexmM—2xMd ooy M e m
Id xv lu N v
CxM— e M M

= X(x) = M is a C-module category.
Conversely: M yields a T-algebra X with T=Cx—, X =M x —.
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2-Monads as lax functors
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A lax functor F : B — B’
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A lax functor F : B — B’  consists of:
o (ObB> A~ F(A) € 0bB)
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Lax functors

A lax functor F : B — B’  consists of:
o (ObB> A~ F(A) € 0bB)

e functors:
.7:,473 : B(A, B) — B/(]:(A),.F(B))
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A lax functor F : B — B’  consists of:
o (ObB> A~ F(A) € 0bB)

e functors:
]:A,B . B(A, B) — B/(]:(A),]:(B))

objects (1-cells): f— F(f)
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A lax functor F : B — B’  consists of:
o (ObB> A~ F(A) € 0bB)

e functors:
]:A,B . B(A, B) — B/(]:(A),]:(B))

objects (1-cells): f— F(f)
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morphisms (2-cells): ]:(ﬁ) =7
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Lax functors

A lax functor F : B — B’  consists of:
o (ObB> A~ F(A) € 0bB)

e functors:
Fap : B(A,B) — B'(F(A), F(B))

objects (1-cells): f— F(f)
. . ay_ Fla)
morphisms (2-cells): ]:(ﬁ) =7

e 2-cells natural in g, f:
> F(g) o F(f) 5 F(gof) + hexagon:;
> idr(y) N F(id) + 2 squares.

Lax functors
[ e]e}
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Lax functors x — KC

A lax functor F : x — K
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Lax functors x — KC

A lax functor F : x — K consists of:
. (Obx> x— F(x):=A € 0bK)
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Lax functors ¥ — IC

A lax functor F : x — K consists of:
. (Obx> x— F(x):=A € 0bK)

e functor:

Fi K, %) = K(F (%), F())



Lax functors ¥ — IC

A lax functor F : x — K consists of:
o (Obx > x+— F(x):=A € 0bK)

e functor:

Fepe : K, %) — K(F (), F(+))
objects (1-cells): id — F(id):=T
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Lax functors ¥ — IC

A lax functor F : x — K consists of:
o (Obx > x+— F(x):=A € 0bK)

e functor:

Fepe : K, %) — K(F (), F(+))
objects (1-cells): id — F(id):=T

morphisms (2-cells): Id;g — F(ldjg):=Id 1

Lax functors
(o] Jo}



Lax functors ¥ — IC

A lax functor F : x — IC  consists of:
o (Obx > x+— F(x):=A € 0bK)

e functor:

Fw t K, %) — K(F(x), F(x))
objects (1-cells): id — F(id):=T
morphisms (2-cells): Idig — F(ldig):= Id+
e 2-cells (natural in) id:
> F(id) o F(id) = Fid o id) = pr + hexagon:;
> idr(x) N F(ids) =nT1 + 2 squares.

Lax functors
(o] Jo}
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Diagrams for pseudofunctors

Fh) e (Flg)e F())) 104 F(h)oF(ye f) £ Flhel(go )

a I,'F(u-_)
(F(h) o Flg)) o F(J) —2t+ Flhog) o F(J) —— F((hog) o f)
Iy 0 F(/) 2L F(1dy) 0 F () —e F(Ldy o 1)
p\\, Y
F()
F(frold, f(j o F(ld, jggvf(foId_A)
P F(p)

F(f)



Lax functors
ooe

Diagrams for pseudofunctors

Fh) e (Flg)e F())) 104 F(h)oF(ye f) £ Flhel(go )

a I,'F(u-_)
(F(h) o Flg)) o F(J) —2t+ Flhog) o F(J) —— F((hog) o f)
Iy 0 F(/) 2L F(1dy) 0 F () —e F(Ldy o 1)
p\\, Y
F()
F(frold, f(j o F(ld, jggvf(foId_A)
P F(p)
F()

= A lax functor F : * — K is a 2-monad in K.
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