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Overview of the course

I categories and monoidal categories

I bicategories and 2-categories

I strictification theorems

I double categories (as specific internal categories)

I monads and 2-monads

I internal categories (as specific 2-monads)

I enriched categories and when they induce internal categories

I 2-monads in the bicategories of spans and matrices

I double category of monads (why “vertical morphisms” of monads are
useful)
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Category C

• a class of objects ObC

• ∀A,B ∈ ObC: a set Hom(A,B) there are morphisms A
f−→ B with:

1) associative composition (h ◦ g) ◦ f = h ◦ (g ◦ f ) for all

A
f−→ B

g−→ C
h−→ D, and

2) ∀A ∈ ObC: identity A
idA−→ A, s.t. f ◦ idA = f = idB ◦ f .

Examples: Set, Gr, Alg, chain complexes, Top, Veck , RM...

Among categories there are:

• functors F : C −→ D: (ObC 3 A 7→ F(A) ∈ ObD)(
C(A,B) 3 f 7→ F(f ) ∈ D(F(A),F(B))

)
A,B∈C

s.t. F(g ◦ f ) = F(g) ◦ F(f ) and F(idA) = idF(A).
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Natural transformations

Among functors there are natural transformations.

• natural transformations ω : F ⇒ G : C −→ D.

Consist of families of morphisms

(ω(A) : F(A) −→ G(A))A∈C

s.t. for all f : A −→ B in C the following diagram commutes:

F(A) G(A)-ω(A)

?
G(f )

?
F(f )

F(B) G(B)-ω(B)
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Monoidal category (C,⊗, I , α, λ, ρ)

• functors ⊗ : C × C −→ C and U : ∗ −→ C (the unit I ∈ ObC)

• and natural isomorphism transformations

αX ,Y ,Z : (X ⊗ Y )⊗ Z −→ X ⊗ (Y ⊗ Z ),

λX : I ⊗ X −→ X ,

ρX : X ⊗ I −→ X

so that the following two diagrams commute:

((X ⊗ Y )⊗ Z )⊗W (X ⊗ (Y ⊗ Z ))⊗W-
αX ,Y ,Z ⊗W

X ⊗ ((Y ⊗ Z )⊗W )-
αX ,Y⊗Z ,W

?

X ⊗ αY ,Z ,W

?

αX⊗Y ,Z ,W

(X ⊗ Y )⊗ (Z ⊗W ) X ⊗ (Y ⊗ (Z ⊗W ))-
αX ,Y ,Z⊗W

(X ⊗ I )⊗ Y X ⊗ (I ⊗ Y )-
αX ,I ,Y

X ⊗ Y

ρX ⊗ Y
@
@
@
@R

X ⊗ (I ⊗ Y )

X ⊗ λY
�
�

�
�	

where X ,Y ,Z ,W ∈ C. The natural transformations α, λ and ρ we call
associativity-, left unity- and right unity constraints, respectively.
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Examples of monoidal categories

The category of vector spaces over a filed k : (Veck ,⊗k , k).

For R a commutative ring: (R- Mod,⊗R ,R).

For any ring R: (R-R- BiMod,⊗R ,R).

For a (quasi)bialgebra B in Veck the category (BM,⊗k , k) is monoidal.

Moreover, if B is a (quasi)bialgebra in a braided monoidal category
(C,⊗, I ,Φ):

B B� � �
B B

=

B B����

	
	
B B

,
B B

d d =
B B
	d ,
d d
B B

=
d��

B B

,
dd = idI

then (BC,⊗, I ) is monoidal.
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Bicategories and 2-categories



(Monoidal) categories Bicategories Bicat. Spans Higher cats of bicats Strict. Thm.

Bicategories

B is a bicategory:
• 0-cells A ∈ ObB

• for A,B ∈ ObB: a category B(A,B)
objects: 1-cells
morphisms: 2-cells

• for A ∈ ObB: a 1-cell IdA ∈ B(A,A)
• bifunctor composition ◦ : B(A,B)× B(B,C ) −→ B(A,C )

for A,B,C ∈ ObB,

associative, compatible with Id up to isomorphisms α, λ, ρ,
(natural transformations)
that satisfy pentagon + triangle.
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Examples

For a monoidal category C: 0: {∗},
1: objects,
2: morphisms.

Cat2: 0: categories,
1: functors,
2: nat. transf.’s

For a finite tensor category C: 0: C-bimodule categories,
1: C-functors,
2: C-nat. transf.’s

Tricategory: 0: tensor cats C,D...,
1: C-D-bimodule cats,
2: C-D-bimodule-functors,
3: C-D-bimodule nat. transf.’s
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Graphical presentation of 2-cells
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Graphical presentation of 2-cells - interchange law

• the functor ◦ : B(A,B)× B(B,C ) −→ B(A,C )

for two morphisms (2-cells) (α, β), (γ, δ) ∈ B(A,B)× B(B,C ),

it is: ◦
(

(α, β)

(γ, δ)

)
=
α ◦ β
γ ◦ δ

i.e.
α

γ
◦ β
δ

=
α ◦ β
γ ◦ δ

.

Interchange law:

A
⇓α

F

��
//

⇓γ

F ′′

BBB
⇓β

G

��
//

⇓δ

G ′′

BBC

In tricategories there is a 3-cell controlling the interchange law:

ξ :
(α|β)

(γ|δ)

∼=−→
(
α

γ

∣∣∣∣βδ
)
.
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The bicategory of spans

Span(C)

(C a category with pullbacks)
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Recall: pullback in C

A pullback over an object B with respect to morphisms
f : X −→ B and g : Y −→ B in C is given by:

1. an object P (often written as X ×B Y ) and morphisms
p1 : P −→ X , p2 : P −→ Y so that fp1 = gp2

-p2
Y

B
?

g

P

X
?

p1

-
f

and so that
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Recall: pullback in C

A pullback over an object B with respect to morphisms
f : X −→ B and g : Y −→ B in C is given by:

1. an object P and morphisms p1 : P −→ X , p2 : P −→ Y so that
fp1 = gp2 and so that

2. for every object T and morphisms q1 : T −→ X , q2 : T −→ Y such that
fq1 = gq2 there is a unique morphism t : T −→ P, such that tp1 = q1
and tp2 = q2.

t@
@@R

T
q2

PPPPPPPq

q1

B
B
B
B
B
B
BN

-
p2 Y

B
?

g

P

X
?

p1

-
f

• Pullbacks are unique up to unique isomorphisms.
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The bicategory of spans in C with pullbacks
[Benaboú (p.22)]

Let C be a category with pullbacks.

0-cells: objects of C
1-cells: spans (diagrams) A

a← X
b−→ B in C

2-cells: commutative diagrams in C
� a

X

X ′
?f

A

A
?

=
�a′

-b

-b
′

B

B
?
=

vertical composition of 2-cells:
� a

X

X ′
?f

A

?
=
�a′

-b

-b
′

B

B
?
=

X ′′
?f
′

A

A
?

=
�a′′ -b′′

B
?
=
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The bicategory of spans in C with pullbacks

horizontal composition of 1- and 2-cells:

a
�

����

HHHHj

b2

�
���� a′

H
HHHjb′2

A

A
?

=

X

X ′
?

f B

B
?

=

p1
�

����
p2H

HHj

X ×B Y

p′1
��

��� p′2
HHHj

X ′ ×B Y ′?
h

�����

b1 HHH
HHj
c

��
��� b′1

H
HHHjc ′

Y

Y ′
?

g C

C
?

=

Check existence of h: b′2fp1
X
= b2p1

X×BY= b1p2
Y
= b′1gp2

⇒ hp′1 = fp1 and hp′2 = gp2 ⇒ a′p′1h = ap1 and b′p′2h = bp2
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Associativity and (left and right) unity natural isomorphisms α, λ, ρ
(2-cells) are given by the usual respective isomorphisms of pullbacks.
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Higher categories of bicategories

We saw that (1-)categories organize into a 2-category Cat2.

(But also into a 1-category Cat1.)

We will show how bicategories organize into a tricategory Bicat3.

And also into a 2-category Bicat2.
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Pseudofunctors

Among bicategories there are:

pseudofunctors F : B −→ B′

which consist of:

• (ObB 3 A 7→ F(A) ∈ ObB′)

• for all objects A,B ∈ B a functor:

FA,B : B(A,B) −→ B′(F(A),F(B))

• for all composable 1-cells g , f natural isomorphism 2-cells:

I F(g ◦ f )
ξ∼= F(g) ◦ F(f ) + hexagon;

I F(idA)
ζ∼= idF(A) + 2 squares.
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Pseudofunctors

To have the functors:

FA,B : B(A,B) −→ B′(F(A),F(B))

it means:

objects (1-cells): f 7→ F(f )

morphisms (2-cells): F(
α

β
) =
F(α)

F(β)
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Example of a pseudofunctor

Recall the 2-category C- Bimod.

Any C-D-bimodule category M gives rise to a pseudofunctor

M�D − : D-Mod −→ C-Mod.

N 7→M�D N

(F : N −→ L) 7→ (M�D F :M�D N −→M�D L)

(α : F −→ G) 7→ (M�D α :M�D F −→M�D G)

where:

(M�D α)(M �D N) = M �D α(N) : M �D F(N) −→ M �D G(N)

A natural isomorphism ξ for the composition of 1-cells:

M�D (F ◦ G) −→ (M�D F) ◦ (M�D G).
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Pseudo-natural transformations

Among pseudofunctors there are pseudo-natural transformations.

They (χ : F ⇒ G : B −→ B′) consist of:

• families of 1-cells χA : F(A) −→ G(A) for each A ∈ ObB

• for every 1-cell f : A −→ B an isomorphism 2-cell natural in f :

χf : χB ◦ FA,B(f )⇒ GA,B(f ) ◦ χA

F(A) G(A)-χA

?
F(g)

?
F(f )

F(B) G(B)-χB

χf
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Pseudo-natural transformations

s.t.
-F(f ) -F(g) -χC

?
=

?
=

?
=χg

χf

-F(f ) -χB -G(g)

?

=

?

=

?

=

-χA -G(f ) -G(g)

?

=

?

=

?

=ξG

-χA -G(gf )

=

-F(f ) -F(g) -χC

ξF

?

=

?

=

?

=

-F(gf ) -χC

?

=

?

=χgf

-χA -G(gf )

-
idF(A) -χA

?
=

?
=ρ

λ−1

-χA

?

=

?

=

-χA -
idG(A)

?

=

?

=ζG

-G(idA)

=

-
idF(A)

ζF

?

=

?

=

-F(idA) -χA

?

=

?

=χidA

-χA -G(idA)
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Pseudo-natural transformations and modifications

Among pseudo-natural transformations there are modifications.

Tricategory Bicat3: 0: bicategories
1: pseudofunctors
2: pseudo-natural transformations
3: modifications

In [Lack, Icons 2007] icons were introduced as Identity Component Oplax
Natural transformations. (χA are identities) This yields:

2-category Bicat2: 0: bicategories
1: lax functors
2: icons
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Strictification Theorems

When α, λ, ρ in a monoidal category are identities :=
strict monoidal category.

(Example: Fun(C, C))

When α, λ, ρ in a bicategory are identities := 2-category.

A tricategory in which only the interchange law is an isomorphism
(the rest is strict) := Gray category.

Strictification Theorems:

I Each monoidal cat. is equivalent to a strict monoidal cat.

I Each bicategory is bi-equivalent to a 2-category.

I Each tricategory is tri-equivalent to a Gray category.

I (For what comes next:) Each pseudodouble category
is double-equivalent to a double category.
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