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categories and monoidal categories
bicategories and 2-categories

strictification theorems

double categories (as specific internal categories)

monads and 2-monads

internal categories (as specific 2-monads)
enriched categories and when they induce internal categories
2-monads in the bicategories of spans and matrices

double category of monads (why ‘“vertical morphisms” of monads are
useful)
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Category C

e a class of objects ObC

e VA B e ObC: a set Hom(A, B) there are morphisms A 5 B with:
1) associative composition (ho g)of = ho (g o f) for all

ALiBE CchD and

2) VA € ObC: identity A4 A, st. foidya=f=idgof.

Examples: Set, Gr, Alg, chain complexes, Top, Veck, rM...

Among categories there are:

e functors 7 : C — D: (ObC> A~ F(A) € ObD)
(C(A,B)> f— F(f) €D(F(A),F(B)))apec
st.  F(gof)=F(g)oF(f) and F(ida) = idr(a).
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Natural transformations

Among functors there are natural transformations.

e natural transformations w : F = G : C — D.

Consist of families of morphisms

(W(A) : F(A) = G(A))acc

s.t. for all f: A — B in C the following diagram commutes:

F(a) 2. g(a)
O
7(8) B g(p)
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Monoidal category (C,®, I, a, A, p)

e functors ® :CxC —C and U:x*x — C (the unit | € ObC)
e and natural isomorphism transformations

axyz: (XeY)®Z =X (Y®Z),
Axi/®X—>X,

px Xl —X
so that the following two diagrams commute:

ax,y,z® W ax,yez,w
(XeY)0Z)o W Xe(YoZ)oWw Xo((Y®2Z)e W)
axey,zZ,w X®ay,zw
X@Y)e(Zew) Xy Zow Xe(Ye(Zew)

«
Xehey —XY . xg(eY)
pxY X @Ay

XY
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Examples of monoidal categories

The category of vector spaces over a filed k: (Veck, ®, k).

For R a commutative ring: (R- Mod, ®g, R).

For any ring R (R-R-BiMod, ®g, R).

For a (quasi)bialgebra B in Vecy the category (g M, ®, k) is monoidal.

Moreover, if B is a (quasi)bialgebra in a braided monoidal category
(C,®,1,9):

T= 0 =YL= e

B B

then (gC, ®, I) is monoidal.
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Bicategories

B is a bicategory:
e O-cells A e ObB
e for A, B € ObB: a category B(A, B)
objects: 1-cells
morphisms: 2-cells
o for Ac ObB: a 1-cell Idy € B(A, A)
e bifunctor composition o : B(A, B) x B(B, C) — B(A, C)

for A, B, C € ObB,

associative, compatible with Id up to isomorphisms «, A, p,
(natural transformations)
that satisfy pentagon + triangle.
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Bicategories

() for cach quadruple of objects A, B.C, D € U an isomorphism, natural in A ER BLco LA
D called the associativity law

gy holgo )= (hoglo f.

and Jor cach pair of objecls A, B € % lwo in [+ A — B natural isomorphisms, called the
le[l- and the right unitary law, respectively.

Apildgoe f=f prifoldy= [

such thal the following dicgrams commute for oll A Lpilolply

ko(ho(gof))%ko((hog_)of) i (ko(hog))o [
o acl

(keh)o(go ) & ((keh)oglo [

go (Idy o [)—e (goldy)o /
10& /01

yof
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Examples

For a monoidal category C:

Caty:

For a finite tensor category C:

Tricategory:

0: {x},
1: objects,
2: morphisms.

0: categories,
1: functors,
2: nat. transf.’s

0: C-bimodule categories,
1: C-functors,
2: C-nat. transf.'s

0: tensor cats C, D...,

1: C-D-bimodule cats,

2: C-D-bimodule-functors,

3: C-D-bimodule nat. transf.'s
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Graphical presentation of 2-cells - interchange law

e the functor o : B(A, B) x B(B, C) — B(A, C)
for two morphisms (2-cells) («, 3), (v, 9) € B(A, B) x B(B, C),

s () =055
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Graphical presentation of 2-cells - interchange law

e the functor o : B(A, B) x B(B, C) — B(A, C)
for two morphisms (2-cells) («, 3), (v, 9) € B(A, B) x B(B, C),

e o(@B)_22 o8 _nop

(v,8)) 706 IR SR
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Graphical presentation of 2-cells - interchange law

e the functor o : B(A, B) x B(B, C) — B(A, C)

for two morphisms (2-cells) («, 3), (v, 9) € B(A, B) x B(B, C),
(a,8)\  «@op _ a B aop
It Is: o((%é) _705 l.e. 705_705'
Interchange law:

F G
A/M\B/w\c
W W
F" G”
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Graphical presentation of 2-cells - interchange law

e the functor o : B(A, B) x B(B, C) — B(A, C)
for two morphisms (2-cells) («, 3), (v, 9) € B(A, B) x B(B, C),

(68)=55 e 5o

 yo06 vy & yod’
Interchange law:

it is:

F G
/ua\ m
A B C
W W
F// G//
In tricategories there is a 3-cell controlling the interchange law:

= (ef)
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(C a category with pullbacks)
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Recall: pullback in C

A pullback over an object B with respect to morphisms
f: X —Bandg:Y — BinCis given by:
1. an object P (often written as X x g Y') and morphisms
p1: P — X,pp: P— Y sothat fp1 = gp>

p—P .y

p1 g

X 7 B

and so that
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Recall: pullback in C

A pullback over an object B with respect to morphisms
f: X —Bandg:Y — BinCis given by:
1. an object P and morphisms p; : P — X, p> : P — Y so that
fp1 = gpo and so that
2. for every object T and morphisms q1 : T — X, g2 : T — Y such that
fq1 = gqo there is a unique morphism t : T — P, such that tp; = q1
and tpy = qo. T
1

q
\Pl

X 3 B

Y

g
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Recall: pullback in C

A pullback over an object B with respect to morphisms
f: X —Bandg:Y — BinCis given by:
1. an object P and morphisms p; : P — X, p> : P — Y so that
fp1 = gpo and so that

2. for every object T and morphisms q1 : T — X, g2 : T — Y such that
fq1 = gqo there is a unique morphism t : T — P, such that tp; = q1

and tpy = qo. T
\\t
P

q1

2
D Y
p1 g

X 3 B
e Pullbacks are unique up to unique isomorphisms.
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The bicategory of spans in C with pullbacks

[Benabod (p.22)]
Let C be a category with pullbacks.

0-cells: objects of C

1-cells: spans (diagrams) A & X 2 BinC
2-cells: commutative diagrams in C

A2 _x—b.p
SO
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The bicategory of spans in C with pullbacks

[Benabod (p.22)]

Let C be a category with pullbacks.

0-cells: objects of C

1-cells: spans (diagrams) A & X 2 BinC
2-cells: commutative diagrams in C

A—2— X B

y W
vertical composition of 2-cells:

A2 _x—b.p

G

:/14 a// )}”f/ b// é:
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The bicategory of spans in C with pullbacks

horizontal composition of 1- and 2-cells:

XXBY
p1 \@
X b, X/J”y/bl %
X C
A/f \BBA/ g\
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The bicategory of spans in C with pullbacks

horizontal composition of 1- and 2-cells:

XXBY
p1 \@
X b, X/J”y/bl %
X C
A/f \BBA/ g\

XBY

Check existence of h:  bhfpy X bap1 X b1 po 4 18p2
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The bicategory of spans in C with pullbacks

horizontal composition of 1- and 2-cells:

XXBY
p1 \@
X b, X/J”y/bl %
X C
A/f \BBA/ g\

XBY

Check existence of h:  bhfpy X by p1 X% b1 p> 4 bl gp>

= hpy = fpy and hp, = gp>
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The bicategory of spans in C with pullbacks

horizontal composition of 1- and 2-cells:

Check existence of h:  bhfpy X by p1 XxeY b1 p> 4 bl gp>

= hpy = fpr and hpy =gpo = a'pih=apy and b'pyh = bp>
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The bicategory of spans in C with pullbacks

horizontal composition of 1- and 2-cells:
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The bicategory of spans in C with pullbacks

horizontal composition of 1- and 2-cells:

XXBY
b1 \Q2
X b, /J” by Y
2| NG | S
/ /
P \Qg

_L%X/%

oy

Associativity and (left and right) unity natural isomorphisms a, A, p
(2-cells) are given by the usual respective isomorphisms of pullbacks.
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Higher categories of bicategories

We saw that (1-)categories organize into a 2-category Cat;.

(But also into a 1-category Cat;.)

We will show how bicategories organize into a tricategory Bicats.

And also into a 2-category Bicats.
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Pseudofunctors

Among bicategories there are:

pseudofunctors F : B — B’ which consist of:
o (ObB> A~ F(A) € 0bB)
e for all objects A, B € B a functor:

]:A,B : B(Av B) — B/(]:(A)vf(B))
e for all composable 1-cells g, f natural isomorphism 2-cells:
3
> F(gof)=F(g)o F(f) + hexagon;

¢
> F(ida) = idr(a) + 2 squares.
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Pseudofunctors

F(h) o (F(g)o FN) —28 + F(h)o Flgo ) —~ Fho(go f))
lf_l l}—(cr)
(F(hYo Flgo FU ) —2L o F(hogyo F(f) —b e F(hog)o )

Iy o F( Qdﬁ.n o F()— Flldyo /)
A o m

F(f)

F(f)old, Lod, fyo F(ldy) 8y Joldy)

J Fip)
F(
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Pseudofunctors

To have the functors:

-FA,B : B(A, B) — BI(.F(A),.F(B))

it means:
objects (1-cells): f — F(f)
i - oy _ F(e)
morphisms (2-cells): ]—“(E) - 56
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Example of a pseudofunctor

Recall the 2-category C- Bimod.

Any C-D-bimodule category M gives rise to a pseudofunctor
MXp — : D-Mod — C-Mod.

NHM&D/\/’



Higher cats of bicats
[e]e]ele] Tele]e)

Example of a pseudofunctor

Recall the 2-category C- Bimod.
Any C-D-bimodule category M gives rise to a pseudofunctor
M™p — : D-Mod — C-Mod.
N = MEp N
(F:N—=L)—» MXpF: MXp N — MKXp L)



Higher cats of bicats
[e]e]ele] Tele]e)

Example of a pseudofunctor
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Any C-D-bimodule category M gives rise to a pseudofunctor
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Example of a pseudofunctor

Recall the 2-category C- Bimod.
Any C-D-bimodule category M gives rise to a pseudofunctor
M™p — : D-Mod — C-Mod.
N — MRp N
(F:N—=L)—» MXpF: MXp N — MKXp L)
(a: F—=>G)—» MKpa: MRp F — MKXpG)

where:
(MKp a)(MRp N) = MKp a(N): MXRp F(N) — MKp G(N)
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Example of a pseudofunctor

Recall the 2-category C- Bimod.
Any C-D-bimodule category M gives rise to a pseudofunctor
M™p — : D-Mod — C-Mod.
N — MRp N
(F:N—=L)—» MXpF: MXp N — MKXp L)
(a: F—=>G)—» MKpa: MRp F — MKXpG)
where:

(M Ep )(MRp N) = MRp a(N) : MEp F(N) — MREp G(N)

A natural isomorphism £ for the composition of 1-cells:
MEp (FoG) — (MBp F) o (MEpG).
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Pseudo-natural transformations

Among pseudofunctors there are pseudo-natural transformations.

They (x : F = G : B — B’) consist of:
o families of 1-cells  xa: F(A) — G(A) for each A€ ObB
o for every 1-cell f : A — B an isomorphism 2-cell natural in f:

xr:xBoFar(f)=Gan(f)oxa

F(A) 4~ G(A)
F(f)| | F(e)
F(B) —~E~G(B)
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Pseudo-natural transformations

s.t.
F(f) F(g) Xc
o B
F(f) X8 G(g) F(f) F(g) Xc
ool LB
XA F(gf) Xc

47
Il
Il

Xgf { =
XA G(gf)

idr () XA
-2 -,
XA idr(a)
:{ A :\ _| el
XA idg(a) F(ida) XA
:J \: T {:
G(ida) XA G(ida)
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Pseudo-natural transformations and modifications

Among pseudo-natural transformations there are modifications.

Tricategory Bicats: 0: bicategories
1: pseudofunctors
2: pseudo-natural transformations
3: modifications

In [Lack, lcons 2007] icons were introduced as Identity Component Oplax
Natural transformations. (x a are identities) This yields:

2-category Bicaty: 0: bicategories
1: lax functors
2: icons
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Strictification Theorems

When a, A, p in a monoidal category are identities :=
strict monoidal category. (Example: Fun(C,(C))

When a; A, p in a bicategory are identities := 2-category.

A tricategory in which only the interchange law is an isomorphism
(the rest is strict) := Gray category.

Strictification Theorems:

> Each monoidal cat. is equivalent to a strict monoidal cat.
> Each bicategory is bi-equivalent to a 2-category.
> Each tricategory is tri-equivalent to a Gray category.

> (For what comes next:) Each pseudodouble category
is double-equivalent to a double category.
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